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ABSTRACT the emitter sends periodically a training sequence known from the

Itis now well established that most of the blind fractionally spaced "€ceiver, and which allows to estimate the unknown channel. How-
channel estimates based on the exclusive use of the second ordefVe': the use of a training sequence has certain well known draw-
statistics of the observation have poor performance when the ex-Packs. Therefore, a number of works have been devoted to the
cess bandwidth of the received signal is reduced. Recent paper§0-called blind equalization problem consisting in identifying the
proposed to use covariance matching approaches, and showed th&@nne! from the sole knowledge of the received sigiigl. Gard-

a significant improvement of the mean square error of the chan-ner ([51) and Tong et al ([11]) were the first to remark that it is
nel estimate is possible. The purpose of this paper is to evaluateP0SSible to use the cyclostationarityit) in order to identify the
more precisely the potential of these methods. For this, we pro- ch_annel from the second order statistics of the observations. For
pose to compare the performance of a Wiener equalizer based ofliS; they proposed to samplg?) at rate2/T’ (or more gener-

the optimally weighted covariance matching estimate of the chan- ally 10 ¢/T for ¢ > 1; we just considey = 2 in this paper),

nel (known as the best second order statistics based estimate) witt@d 0 co~n3|der the 2-variate dlscret$ time sigrfal) defined by

the most standard higher order statistics based method, i.e. the’(n) = [#(2nT:/2),5((2n + 1)Ts/2)]". y(n) can be written as
(block) fractionally spaced CMA equalizer. It is shown that the

CMA outperforms quite significantly the second order statistics y(n) = [h(2)]vn + w(n) (1)
based Wiener equalizer. wherew(n) = w(2n%),@((2n+1)%) " andh(z) is de-
M
~ ~ T
1. INTRODUCTION fined by) " hiz~*, whereh, = |h(2k%), h((2k + 1)%)}
k=0
Let {vn}nez be a zero mean unit variance i.i.d symbol sequence and wherel is the degree of the filteln(z). In this framework,
to be trapsmltteq through. a Ilngar channel at thg baudlréte. the blind identification of the channel is equivalent to the identi-
The continuous time received sigriat) can be written as: fication of the 1 input / 2 outputs FIR transfer functibifz). It
- - - is now well established that if the componentslgf:) are co-
§(t) =D vah(t — nTy) + i(t) prime, thenh(z) can be consistently estimated from the sole use
nez of the second order statistics of the observaydn). For this,

a number of approaches have been proposed (see ([11], [8], [10],
[13], [7], [2] among others). One of the common features of the-
ses works is to lead to a closed form expression of the channel
estimate. However, it has been remarked that if the excess band-
width of the received signal is reduced, then the performance pro-
vided by these schemes are very poor (see e.g. [12], [3]). On the
other hand, it is known ([9]) that the so-called optimally weighted

T supported by CELAR fellowship covariance matching estimate is the best second order statistics
¥ supported by DGA/CNRS fellowship based estimate of the channel. Therefore, Zheng and Tong ([14],

where the filterf{ (t) } results from the emission and the reception
filters and from the multi-path effects and wherét) is a addi-

tive white noise. In this paper, we assume without restriction that
h(t) is causal and time limited. Generallfh(t)} is unknown,

and has therefore to be estimated in order to retrieve the sym-
bols from the received signal. In most communication systems,




[15]) and Giannakis and Halford ([6]) proposed independently to It is well known that under suitable hypotheses, the column vector
use covariance matching estimators. They essentially showed thaved R ) converges in distribution whefi — oo to a non circu-

the statistical performance of the channel estimates can be im-lar Gaussian random vector. This limiting distribution is given by
proved very significantly. However, the practical calculation of the asymptotic covariance matii ,, of the vector[veo(RN) ,

the covariance matching estimate needs to solve a difficult non

convex optimization problem. It is therefore relevant to know if vec(RN) ] , i.e. the matrix

the performance improvement provided by these methods justifies

further researches aiming at implementing efficiently the covari- . - = 7

ance matching approaches. In order to answer this question, we Tlfio Tcov veqRy)', vedRy)

propose to compare the reconstruction error provided by a fixed

length Wiener equalizer based on the optimally weighted covari- This matrix can be easily calculated in closed form (see e.g. [1]
ance matching channel estimate with the reconstruction error of aor [6]). Moreover, if W is properly chosen (see [1Jhw is a
same length fractionally spaced CMA equalizer. The variance of consistent and asymptotically non circular Gaussian estimdie of
the reconstruction error based on the optimal second order schemd@he asymptotic covariance mattixw of (hl;, hi;)" is given by

is calculated in closed form in the case of large sample size by us-

ing standard perturbation analysis. For the CMA, the calculations Sw = [G*WG]* G*WCr, WG [G*WG]* (5)

are too heavy, and the reconstruction error variances are evaluated

by Monte Carlo simulations. This paper is organized as follows. In Where the matrixG is given by

section 2, we briefly recall the principle of the optimally weighted
AVEQRy (f)) AVEQRy (£))

covariance matching channel estimate, and give the closed form Ve . veor) .
expression of the corresponding asymptotic covariance matrix es- G= AVEQR y () f=hn AVEQR y (f)) f=h
timate. Next, we study in section 3 the statistical properties of the ovear) ., ovear) gy,

Wiener equalizer based on the channel estimate, and give the ex-
pression of the reconstruction error. We finally present in section It can be shown ([9], [6]Y that if W = W, = C4 Ry then
4 a lot of numerical evaluations showing that the CMA equalizer the W—weighted estimate has the smallest asymptotic covariance
outperforms quite significantly the second order statistics basedmatrix over the set of all estimates bfoased on the column vec-
Wiener equalizer. tor (vedRx)",veqRy)")". This result shows that the covari-
ance matchlng estimation approaches are interesting in our con-
text. However, the practical computation of the estimate is not so
easy. First, the optimal weighted matrix can be shown to depend
Denote byRy the covariance matrix of the stacked inputs ©n the channel to be estimated, and is therefore unknown. How-
Yn(n) = [y'(n)...y" (n— N, and byh the 2(M + 1)— ever, the performance of t.he estimate is unchangw,;f,.t is re-
dimensional vector defined Hy = (h, ..., h},)". Then, it is placed by a consistent estimate (see [6]) for more details). Second,
well established thaR. is given by the cost function (4) to be minimized is non convex, and shows
a number of spurious local minima. Therefore, it seems difficult
Ry = Tn(h)Tn(h)* +o°1 (2 to extract its global minimum by using standard approaches. This
problem may however be partially overcome by using the so-called
JOSC approaches presented in [15] consisting in using a priori in-
formations on the channel to reduce the dimension of the mini-
mization problem.

2. THE COVARIANCE MATCHING ESTIMATE.

whereo? is the noise variance and whefg; (h) is the so-called

generalized Sylvest@(N +1) x (M + N +1) matrix associated to

h. In this paper, we assume for the sake of simplicity that the noise

variances? is known. The principle of the covariance matching

estimation consists in looking for a filté¢z) for which the matrix

Ry (f) = Tn(f)Tn(f)* + o1 is as close as possible from the 3. ANALYSIS OF THE RECONSTRUCTION ERROR

empirica| estima’[éN of Ry defined by PROVIDED BY A WIENER EQUALIZER BASED ON THE
COVARIANCE MATCHING ESTIMATE.

-7 Z Yn(n)Yn(n)" @) The channel being estimated, the emitted symbols have to be re-
n=0 trieved. For this, one can use a degréé-IR linear Wiener equal-
whereT denotes the observation sample size. More precisely, de-izer based on the channel estimate. In order to precise this, we
note byU Rn,f the8(N + 1)? dimensional vector defined ~ first assume that the true channel is known, i.e. that the véctor
b ’ is known. The Wiener equalizer is the degr€el x 2 FIR filter
y s g(z) = Y grz* defined by the fact that
U Ry f = VEC(EN) _VeC(EN(f)) 1
’ veqRy) — ved Ry (f)) L =E [[va-a — [g(x)ly(n)|” (6)
(if = is a vectorz stands for the complex conjugate©f and by
W a positive8(N + 1)? x 8(N + 1)? matrix. Then, theW— . . B
weighted covariance matching estimatelois defined as the ar- SR/%TS tothe(N +1)—dimensional row vectqg = (go, -, gn)
gumenthyy of the minimization problem g y g — h" PRy @)
- N

is minimum. Hered is a delay. The optimal filteg(z) corre-

~ * ~
minU Ry, f WU Ry, f ) 2as the matrixCg ,, is in general non invertible, this result is not an
obvious consequence of [9] and [6]. Some results of [1] have also to be
1lveq) is the operator which reshapes any matrix into a column vector used




whereP is a certair2(M + 1) x 2(N + 1) selection/permutation 4. NUMERICAL EVALUATIONS

matrix depending on the value df In practice h andR y are of

course unknown, and have to be replaced by estimates. The resultin this section, we finally compare the reconstruction errors of the
ing estimated Wiener filter is denoted Byz), and one estimates  Wiener equalizer corresponding to the channel estihatith the

the symbol sequence by the sigiigh) = [g(z)]y(n + d). Itis errors provided by a block fractionally spaced CMA equalizer of
clear that the reconstruction error provided by this equalizer de- the same size. The reconstruction errors corresponding to a sub-
pends in a crucial way from the considered channel estimate. Thisspace channel estimate are also given to evaluate the improvement
error characterizes in a quite relevant way the performance of theprovided by the second order statistics based optimal estimate
channel estimate in the sense that it measures the quality of the  we first recall that the fractionally spaced CMA equalizer con-
equalization, which is the ultimate goal of the channel estimation sjsts in looking for thel x 2 FIR degreeN filter g(z) for which

procedure: Therefore, in order to stgdy thg performance of the op- [ g2 y(m)]? -1 2] is minimum. An important point is that,
timally weighted covariance matching estimate, we are going to

evaluate its associated reconstruction error. in the noiseless case, this cost function does not show spurious lo-
In order to simplify the notations, we denote hythe opti- cal minimum ([4]). Its minimization is therefore easy. In practice,
mally weighted covariance matching estimate of the channel. Thethis cost function is of course un.known, and one minimizes w.r.t.
estimated Wiener filter is therefore given by g its empirical estimate given by:
g=h"PRy' 1 2

| [g(=)]y(n)|* —1

: . : : T
where the covariance matrixRy is estimated by n=0
Ry = Tn(h)Tn(h)* + oI (remember that? is assumed to
be known). An important point is that it is possible to evaluate in

closed form the reconstruction error:

The minimization is achieved by a gradient algorithm. The cal-
culation of the closed form asymptotic expression of the recon-
struction errof” associated to the CMA equalizer is very tedious.

I =E [[vna— [&(2)] y(n)||2 The\r/\e;fore, we evaluated it by using qute Carlo simulations.

e completed a set of test on various channels. W& 'set

if the sample siz& is large enough and if one assumes that the 1000 and N = 2M andd = M + 1. In the following tables
Wiener filter estimate is independent from the data on which it is we give the value of the asymptotic reconstruction error 9 for the
applied to reconstruct the symbol sequence. This last hypothesis ioptimal covariance matching based equalizer, and for the subspace
in particular verified if the Wiener filter is estimated on a different channel estimate based equalizer. We also give the reconstruction
slot than the data on which it is applied. In order to evaldate  error of the CMA equalizer (evaluated by Monte Carlo simulation)
we putg(z) = g(2) + Ag(z), andg = g + Ag. Aswe assume  for 7" = 1000 andT" = 200. Finally, we give the variance of
T large enough, and the correspondehce- g is differentiable, the reconstructjon error of the exact Wiener equalizer to plot the
Ag is asymptotically centered Gaussian (non circular), and its co- @bsolute error limit.
variance matrixCov (Ag) is given by
4.1. Arandom channel

. 1 N 1
Cov(Ag) = ngEW”’“Dg + O(f) ®) We first consider a PSK4 modulation and a random channel filter
where we set (_i.g. the variqus coefficients are ger?erat_ed randomly) with 7 coef-
& ficients. In this purely academical situation, all the value schemes
= have approximatively the same performance.
Pe=|y| b

h h=h SNR (dB) 50| 10.0| 15.0| 20.0| 25.0| 30.0

On the other hand, as we assurkg independent from the current Wiener (dB) 50| -82 | -11.9] -16.1| -20.6 | -254

data,I" can be written as: CMA (dB) (1000) 43| -8.1| -12.1| -16.4 | -20.7 | -25.2

CMA (dB) (200) 03] 36| 89| -16.2| -204 | -247

I'=E |jvna—[g(2)ly(m)|* +E [[Ag(2)]y(n)]? CM opt. / Wiener (dB)| -4.9 | -8.1 | -11.7 | -15.9 | -20.3 | -24.8

SSM / Wiener (dB) -4.2 | -7.7 | -115| -158 | -20.4 | -25.1

The first term is the inherent Wiener filter error and is equalto
vedh)* PR ' P*veqh). The second part, which is due to the er-
ror estimatiorh — h, can be rewritten a$race { Cov (Ag) Ry }.
Therefore,

Figure 1. Random channel.

We note that the optimally weighted covariance matching per-

I' = 1-veqh)* PRy P*veq(h)+Trace {Cov (Ag) Rn} (9) formance is a bit less efficient that the subspace method. It is be-

cause the asymptotic covariance matrix subspace estimate we used

We note that it is possible to evaluate similarly the reconstruction assume the knowledge of the norm of the channel while the covari-
error provided by an estimated Wiener filter based on every con- ance matching estimates the norm of the channel.
sistent and asymptotically Gaussian estimate of the channel: in the
expression (8), one has to replace the matix,, by the corre-
sponding asymptotic covariance matrix. In the following section,
we compare the reconstruction error provided by the present opti-To truly compare the performance of those methods, we consider
mally weighted covariance matching estimate with the reconstruc- two more realistic channel with three paths shaped a square root
tion error based on the subspace channel estimate proposed in [8aised cosine filter with roll-off.7.

4.2. Two realistic channels



4.2.1. Constant module modulation

The modulation is a PSK4 and the channel is given by the follow-

ing table.

Delay (Ts) -0.300 1.979 3.013
Amplitude | 0.424+0.886i| 0.279+0.393i| -0.220+0.194i
SNR (dB) 50| 10.0| 15.0| 20.0| 25.0| 30.0
Wiener (dB) -5.2| -85 -12.3| -16.3 | -20.6 | -25.2
CMA (dB) T' = 1000 44| -83]| -12.1 | -16.3 | -20.0 | -23.5
CMA (dB) T' = 200 -08| -7.1| -11.7 | -15.9 | -19.7 | -22.8
CM opt. / Wiener (dB)| 05| -40| -84 | -12.7| -16.8 | -20.4
SSM / Wiener (dB) 64.7 | 56.8| 47.8| 38.2| 283 | 184

Figure 2: Asymptotic performance of an usual channel with a con-

stant module modulation.

Trans. on Signal Processingol. 45, n°1,pp.1 — 14, Janvier
1997.

2] K. Abed-Meraim, E. Moulines, Ph. Loubaton, “Prediction

(3]

(4]

5]

We first remark that the subspace channel estimate gives ex-

tremely poor performance. Moreover, the CMA performance out-
performs the optimal second order scheme. The CMA perfor-
mance is, also, very close from the lower bound corresponding
to the exact Wiener filter, even f@r = 200.

4.2.2. Non-constant module modulation

We finally consider a QAM16 modulation and the following chan-

nel.

Delay (Ts) 0.151 2.093 3.046

Amplitude | 0.480+0.912i| 0.297+0.373i| 0.202-0.270i
SNR (dB) 50| 10.0| 15.0| 20.0| 25.0| 30.0
Wiener (dB) -5.2| -8.6 | -12.3| -155| -17.6 | -18.9
CMA (dB) (1000) -1.1| -7.0| -10.9 | -13.7 | -15.4| -16.3
CMA (dB) (200) 09| 09| -38| -71| -86| -88
CM opt. / Wiener (dB)| 4.2 | -05| -51| -9.6| -13.4| -16.2
SSM / Wiener (dB) 495| 415| 325| 23.0| 13.3 3.7

(6]

(7]

(8]

9]

(10]

Figure 3: Asymptotic performance of an usual channel with a non- [11]
constant module modulation.

Of course, the CMA performance fall dowm because the sym-

bol sequence has not constant modulus (in perticuldF fer 200).
However, forT" = 1000, the CMA still outperforms the optimally
weighted covariance matching approach.

5. CONCLUSION

In this paper, we have evaluated precisely the potential of the op-
timally weighted covariance matching channel estimate. For this,
we have evaluated in closed form the reconstruction error provided

(12]

(13]

(14]

by a Wiener equalizer based on the channel estimate. These re-

sults have been compared with the quite standard CMA equalizer.
Although the covariance matching approach allows to outperform

considerably the performance provided by a subspace channel esfl5]
timate, it appears that a standard CMA equalizer produces better

reconstruction errors.
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